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Abstract

In this paper we introduce a simple risk model with delayed claims, an extension of the
classical Poisson model. The claims are assumed to arrive according to a Poisson process
and claims follow a light-tailed distribution, and each loss payment of the claims will
be settled with a random period of delay. We obtain asymptotic expressions for the ruin
probability by exploiting a connection to Poisson models that are not time homogeneous.
A finer asymptotic formula is obtained for the special case of exponentially delayed claims
and an exact formula is obtained when the claims are also exponentially distributed.
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1. Introduction

In a variety of real situations, claims could have already occurred but not been settled or
reported immediately. Many factors may lead to the delay of the actual loss payment of the
claims. For instance, acronyms, such as IBNR (incurred but not reported) and RBNS (reported
but not settled), are typically used to classify the different reasons for delayed claims.

In the literature, the issues around ruin problems involving delayed claim settlements have
been studied. Waters and Papatriandafylou (1985) and Trufin ez al. (2011) considered a discrete-
time model for a risk process allowing delayed claims. Boogaert and Haezendonck (1989)
discussed a liability process with settling delay in the framework of an economic environment.
Yuen et al. (2005) introduced a continuous-time model in which one claim is settled immediately
and another claim (called a ‘by-claim’) is settled with delay each time a claim occurs. Delaying
claims have also been modelled by a Poisson shot noise process (see Kliippelberg and Mikosch
(1995) and Brémaud (2000)), and by a shot noise Cox process (see Macci and Torrisi (2004)
and Albrecher and Asmussen (2006)).

In this paper we introduce a simple delayed-claim model. We assume that claims arrive
according to a Poisson process, that claims follow a light-tailed distribution, i.e. the distribution
of claims has a moment generating function, and that each of the claims will be settled in a
randomly delayed period of time. The loss of each claim payment occurs only at the settlement
time, rather than at the arrival time. In particular, we consider the special case of exponential
delay, where the ultimate ruin probability and asymptotics can be exactly obtained by a power
series; this case is a simplified version of the model considered in Yuen et al. (2005) without
the immediate settled claims.
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The paper is organised as follows. In Section 2 we introduce our model setting for the
delayed-claim risk process and the underlying processes of the claim arrival, delay, and
settlement. In Section 3 we derive an asymptotic formula for the ruin probability in the general
case of delay, and, in particular, exploit a well-known connection to the nonhomogeneous
Poisson model. For the special case of exponential delay, the Laplace transform of the nonruin
probability and a finer asymptotic expansion for the ruin probability are obtained in Section 4.
In Section 5 we derive an exact formula for the ruin probability by assuming that the claims
are exponentially delayed and the sizes are exponentially distributed.

2. Risk process

Consider a surplus process {X;};>0 in continuous time on a probability space (2, ¥, P), i.e.

N;
X,:x+ct—ZZ,~, t >0,

i=1
where
e x = X¢ > 0is the initial reserve at time t = 0,

e ¢ > 0 is the constant rate of premium payment per time unit;

N; is the number of cumulative settled claims within the time interval [0, ] (assume that
No = 0);

{Z;}i=1.2,... is a sequence of independent and identically distributed positive random
variables (claim sizes), independent of N;, following a light-tailed distribution with
cumulative distribution function Z(z), z > 0, i.e.

[o/0]
Z(w) = / e ¥*dZ(z) < oo forsomew < 0;
0

the mean and tail of Z are respectively denoted by

mz=/ zdZ(2), Z(x):/ dZ(s).
0 X

Assume that the arrival of claims follows a Poisson process of rate p, and that each of the claims
will be settled with a random delay. Loss occurs only when claims are being settled. Denote
by M, the number of cumulative unsettled claims within the time interval [0, 7] and assume
that the initial number Mo = 0. Let {Ti }x=12...., {Lx}k=1.2..., and {T + Li}x=1,2,... denote the

yees

(random) times of the claim arrival, delay, and settlement, respectively, and, hence,

Mi=) T <t} = Ui+ Ly <1}, Ne= Y WTi+ Ly <t}
k k

{Lk}k=1,2,... are independent and identically distributed nonnegative random variables with
cumulative distribution function L. A sample path of the joint point processes of the cuamulative
settled and unsettled claims (N;, M;) is given by Figure 1.

The ruin (stopping) time after time # > 0 is defined by

o inf{s: s >1, X; <0}
"7 linf{@) = 0o if X, > 0 forall s;
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FIGURE 1: A sample path of the joint point processes of cumulative settled and unsettled claims (N;, M;).

in particular, 7, = oo means that ruin does not occur. We are interested in the ultimate ruin
probability at time ¢, i.e.

Vx, 1) =P{r) <oo| X; =x}, (D
or, the ultimate nonruin probability at time ¢, i.e.
d(x, 1) =:1—Y(x,1). ()

Note that v (x, t) defined in (1) is the ultimate ruin probability at the general time ¢t > 0,
rather than the conventionally defined ruin probability of the finite-horizon time ¢.
3. Ruin with randomly delayed claims

3.1. Preliminaries

The net profit condition remains the same as in the classical Poisson model, i.e. ¢ > pu1,,
since, obviously, lim;_, fot L(s)ds/t =0, and

E[X;] _ fim ¥ +ct — 1, E[N;]

lim
t—00 t t—00 t
;=
X +ct — t — [ L(s)ds
— lim w1zt — [y L(s)ds)
t—00 t
=C— PH1,

> 0.
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Lemma 1. Assume that ¢ > pu1, and L ~ Exp(8). Then we have a series of modified
Lundberg fundamental equations:

cw—p[l—32w)]—8 =0, j=0,1,.... 3)

e For j = 0, (3) has solution 0 and a unique negative solution (denoted by WJ‘ = 0and

Wy <0)
e For j = 1,2,... (3) has unique positive and negative solutions (denoted by W;‘ >0
and Wj_ < 0).

Proof. Rewrite (3) as
Z(w) =1 (w), 4)

wherel;(w) =: —cw/p+(1+38j/p), j =0,1,.... Note that Z(z) is alight-tailed distribution,
and

dz(w) dlj(w) c
=—pz | =—=
dw w=0 dw w=0 P
by the net profit condition ¢ > pu1,, we have
dz(w) - dlj(w)
dw |,_o ow  |,—o

In particular, for j = 0, we have [p(0) = Z(0) = 1. Then, further by the convexity of Z(w)
and the linearity of /; (w), the uniqueness of the positive and negative solutions to (3) follows
immediately. As an illustration, a plot of (4) is given in Figure 2.

Denote the (modified) adjustment coefficients by R; =: —W;, j=0,1,...; note that
0 <Ry <R <Ry <+ < Ry, where Ry =: inf{R | 2(—R) = o00}.

0

FIGURE 2: Lundberg’s fundamental equations.
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Example 1. If Z ~ Exp(y) then we have a series of modified Lundberg fundamental equations
cw? 4 (cy —p—38)w—y8j =0, j =0,1,..., with explicit solutions

Wt p+38j—cy £ (p+8j —cy)?+4cydj
I 2c '

j=01,...,

and Roo =limj s Rj = y.
3.2. Asymptotics of the ruin probability

From Mirasol (1963) we know that a delayed (or displaced) Poisson process is still a
(nonhomogeneous) Poisson process, which is also a special case of the discretised dynamic
contagion process introduced in Dassios and Zhao (2012); see also Newell (1966), Lawrance
and Lewis (1975), and Dassios and Zhao (2011). According to the model setting in Section 2,
the settlement process NV; is a nonhomogeneous Poisson process with rate pL(¢), and we can
obtain the asymptotics of the ruin probability as follows.

Theorem 1. Assume that ¢ > pu1,, and that the first and second moments of L exist. Then
the asymptotics of ruin probability are given by

i C— pH1
x,t) ~exp| —cR L(s)ds Z e Rox 4 o RNy gsx — o0,
Y(x, 1) P( O/z (s) )/OfOOOZGROZdZ(Z)—C ( )

where L(t) =: 1 — L(1).

Proof. The ruin probability ¥ (x, ¢) defined in (1) is the probability of ultimate ruin when
the current reserve is x at current time 7. In a sufficiently small time period At after time ¢,
[¢, t + At], we observe the following.

(1) No claim occurs with probability 1 — p L (#) Az, ruin does not occur, and X; Aoy = x+cAt.

(ii) One claim Z occurs with probability pL(¢)At. Then X;1ar = x + cAt — Z and we
have two possibilities:

(ii.1) ruin has not occurred if Z < x + cAt;
(i1.2) ruin has occurred if Z > x + cAt.

Using the Markov property, we have
Vx, 1) == pLOA)Y(x +cAt 1 + A1)
x+cAt
+ pL(t)At(/ Y(x+cAt —z,t + AHAZ(Z) +[1 — Z(x + cAt)])
0
+ o(At).

Since

Y(x + ALt + Af) = Y (x, 1) + cAt

oY(x,t) ov(x,t)
ox + » At 4+ o(At),

the integrodifferential equation of v (x, ¢) is then given by

Y (x, 1) oY (x, 1)
+c
ot 0x

+ ,oL(t)(/ V(x —2z,0)dZ(z) + Z(x) — ¥ (x, t)) =0.
0
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By the Laplace transform g@(w, )= Ly{Yvx, 1)} = fooo e "y (x, t) dx, we have

_3‘“8';* Dy .0+ (ew — pLON = 2w, 0 + oL =0, (5)
Define
P (w, 1) = LWz = U= Kw)/w) exp(pf [ - 2<w)1i(s>ds> +kw.n.  ©
cw — p[l —zZ(w)] t

where Ig(w, t) is the Laplace transform of a function k(x, ¢) and satisfies

lim k(w,t) = 0. @)
—00
Substituting (6) into (5) yields the ordinary differential equation of k(w, 1):
dk(w, 1) . - U
o T (cw — p[l = Z(w)] + pL(O[1 — Z(w)Dk(w, 1)

= c<w<0, N — %) + p($ - mz) (exp(pf - 2<w>]i<s)ds> - 1)
t
_ 1=7
+pLin =)
By multiplying el =2( exp(—p [*° L(s)[1 — 2(w)]ds), we have

%(lg(w, pyelcw—PlI=2w)hr exp(—p/ L(s)[1 — Z2(w)] ds))
t

1-2 o0 =
= [C<¢(0, n-"~ ‘z 12) + p(—j(w) = mz> (exp(p / [1— 2(w)]L(s)ds> - 1)
t
n pz(t)$}e<cw—pu_z<wmz exp<—p /OOZ(S)[I - E(w)]ds),
t

with boundary condition (7). The solution is then

k(w, 1) = e~ (cw—pll=2@w)r exp(,o/ L(s)[1 — 2(w)]ds>

t

o0 ~ o0 =
X/ e(ew—pu—z(wn)sexp(_p/ L(u)[l—z(w)]du)
' s

X |:—C(1/f(0, §) — W%)
_ 4# - Mlz)(exp(ﬂ/ (- 2(w)]£<u)du> - l)

1=
- pL(s)ﬂ} ds. 8)
w
Obviously, from Figure 2, for — Ry < w < 0, we have [p(w) > E(Aw),i.e. cw—p[l-z(w)] <0,

—Rp < w < 0. We now respectively discuss the three terms of k(w, #) given in (8).

(i) Itis well known that (see Gerber (1979) and Grandel (1991)) in the classical model when
the claim settlement follows a Poisson process with a constant rate A, the ruin probability
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with initial reserve x = 0 is simply w1,A/c, whereas ¥ (0, ¢) here in the first term of (8)
is based on the realisation of the rate {p L (s)};<s<o0o0. Also, the cumulative function L (s)
is an increasing function of s, so the ruin probability v (0, #) should be greater than the
A = pL(t) case and smaller than the . = pL(oc0) = p case of the classical model, i.e.
mi,pL(t)/c < ¥ (0,1) < pi,p/c,0or0 < ppy1,/c—¥(0,1) < pui, L(t)/c. If the first
moment of L exists then we have

o0 o0 o0
/ )1//(0, s) — PRIZ | 45 < PRIz / L(s)ds < w[ L(s)ds < oo.
t c c ¢ c 0

(i) For the second term of (8), if the second moment of L exists then

/00 exp(—p -/oo[l — ﬁ(w)]i(u) du) (exp(p /00[1 — E(w)]l_,(u) du — 1) ds)
t N s
= foo<1 — exp<—p foo[l - z(w)]i(u)du)) ds
t s

< foo ) /00[1 — Z(w)]L(w) duds
t s

<p[1—2(w)]/ / L(u)duds
0 s

< Q.

(>iii) For the third term of (8), if the first moment of L exists then
R 1-z2 e _ 1-z2 e _
/ pL(s) L2 4 - pﬂ/ L(s)ds < pﬂ/ L(s)ds < co.
t w w t w 0

Therefore, for —Ry < w < 0, we have l%(w, t) < oo and

R n o

k(—Ro,1) = lim k(w,1) = / eRoXk(x, 1) dx < oo;
wl—Ro 0

hence, k(x, ) = o(e®0*). By the final value theorem and @(w, t) given in (6), we have
lim ef*y (x, 1)
X—>00
= lim wLy Ry (x, 1)}
w—0
= lim w@(w — Ro, 1)
w—0

o1, — (1 —Z(w — Ro))/(w — Ro))
c(w — Ro) — p[1 — Z(w — Ro)]

=exp<p/ [1 —2(—Ro)]i(s)ds> limow
t w—>

+ lim wk(w — Ry, 1)
w—0

e C_pl’LlZ
=exp| —cR L(s)ds .
p( Oft © >pf0°°zeR°Z dZ(z) — ¢

Note that, by definition, — Ry is the solution to cw — p[1 —z(w)] = 0, and we have | —Z(—Rg) =
—cRo/p.
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4. Ruin with exponentially delayed claims

By specifying the distribution of the period of delay, L, we could improve the result in
Theorem 1 with higher-order asymptotics. Here, for instance, we consider the special case
when the claims are exponentially delayed, say L ~ Exp(8), in order to derive o(e~R0%) in
more detail.

4.1. Laplace transform of the nonruin probability

We derive the Laplace transform of the nonruin probability in two different expressions,
given in Theorem 2 and Theorem 3, respectively, which we then use to derive the asymptotics
of the ruin probability.

Theorem 2. Assume that ¢ > puy1, and L ~ Exp(8). Then the Laplace transform of the
nonruin probability is given by

&(w,t):eﬁe&uz(w)'( L +cze J«Stze o’é[ﬁ(w)]jﬁ/(j_e)!)

cw — p[l — Z2(w)] past cw — p[l —Z(w)] —§j

)
where ¥ = p /4,

Jo [ﬁZ(WJr)]ZZ
ro=1-"p,. = Z —aoor T (=l (10)

Proof. If L ~ Exp(§) then L(¢) =1 — e % N,isa nonhomogeneous Poisson process with

rate p—9§ e~% and the nonruin probability ¢ (x, ¢) defined in (2) satisfies the integrodifferential
equation
A (x,t 99 (x,t _ x
¢gt ) +c ¢;x ) + (p — Ve 5’)(/ o(x —z,0)dZ(z) — ¢ (x, t)) =0.
0

By the Laplace transform

d(w, 1) = £w{¢(x,t)}=/o e "o (x,1)dx,
we have

3"““’ WD 4 cwdw, 1) — $0,0) — (p = 95e™N[1 = 2w)dw,n) =0.  (11)

Define ;
h(w, 1) =: d(w, 1) exp(/o §9e %1 — 2(w)] ds),
where ﬁ(w, t) is the Laplace transform of a function A (x, ¢). Then
d(w, 1) = h(w, 1)e? A= I=2w)], (12)
Substituting (12) into (11) yields

dh(w, 1)

ot c(wh(w, 1) — ¢(0, He? 1= I=2y _ 511 _ 2y lh(w, 1) =0.  (13)



694 A. DASSIOS AND H. ZHAO

Note that by (12) we have

bw, 1) = h(w, t)e—ﬁ(1—e-5f)eﬁ(1—e—5’)2(w)

00 — a0tk
= 0™ (ﬁ(w, n+ ) T DG, r)zk(uo),

k!
k=1

which is the Laplace transform of

& —38t\\k X
—5t (1l —e
d(x,1) =e 00— )(h(x, n+>. %/ h(x —z, t)dZ(")(z)),
k=1 : 0
where Z®) is the k-fold convolution of the distribution Z, i.e. Z® 2 ZLI Z;. Then we have
60, 1) = h(0, e 1=, (14)
Substituting (14) into (13) yields

dh(w, 1)
at

This equation of fz(w, 1) has a power series solution fz(w, 1) = Z;?"zo e—jﬁtflj (w), the Laplace
transform of h(x, t) = Z?io e—Jélhj(x)_ Since

+ (cw — p[1 = 2)Dh(w, 1) — ce PZW (0, He?e 2w — g,

dh(w, 1) x
— = —SZ]e Bh i (w),
j=0
h(o’ t)eﬂe"”%(w) — ie_j&hj(o) i e_kat[ﬁz(w)]k
j=0 k=0 ke
00 0 k
=22 e (0)—[§Z(w)] (G +k=i)
=0 k=0
S [92(w))
— i8t h 0 ,

2 O

we have

S| (= 4 e = pll = S ) — ce O Z %] -
j=0
Then, forany j =0, 1, ...,
(=8 + cw — pl1 = Z@)Dh ;(w) — ce ™72 Zh O e Col
= (j—0!
and, hence,
A B ce—Viw) [92(w)])l ¢ o
hj(w) = — _p[l IR Z/’l[( )—( o i=0,1,.... (15

Note that the denominator in (15) is the modified Lundberg fundamental equation given in
Lemma 1.
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By (12) we have

$(w, 1) = e~ I=eDlI=Ew)] (f’O(w) + Ze_mﬁj(w)) (16)

j=1
Note that if t+ — o0, we recover the classical Poisson model. By (16) we have

d(w, 00) = e =20 (), (17)
$(w,0) =" hj(w).
j=0

The series of constants {#,(0)}¢—0,1,... in (15) can be obtained as follows.

For j = 0, by (15) we have

yeee

Ce—ﬁﬁ(u})

ho(w) = 10 (0).

cw — p[l = Z(w)
By (14) and (17), we have
$(0,00) = h(0, 00)e™” = ho(0)e ™",
cePho(0) c¢ (0, 00)

~ 7 —9[1-zZ(w)] _
¢ (w, 00) = ho(w)e Ccw—p[l —z2(w)]  cw—p[l —Z(w)]’

Since
lim ¢ (x, 00) = 1im0w¢3(w, o) =1,
i.e.
. c¢ (0, 00) c¢ (0, 00) c¢ (0, 00)
lim w —~ = — — = =1,
w—0  cw—p[l —zZ(w)]  limy_ow=cw —p[l —ZwW)]) ¢ — pui,
we have ¢(0,1) = (c — pu1,)/c,
Vir
ho(0) = My (18)
and _
$w, 1 = — L1z

cw — p[1 —Z(w)]’
which is precisely the Laplace transform of the ultimate nonruin probability of the classical
Poisson model. Hence, we have
C— Py
cw — p[l —z(w)]’

}Al()(U)) — eﬂ[l*i(w)]

Forj=1,2,...,since fzj (w) of (15) exists at w = W]T", we have

J 2 j—¢
. ) J
lim (ce_ﬁZ(w)Zhg(O)M>=O, ji=1,2,...,
w—>WJ'." =0 (] - 0)!

or )
L wzwhHy*
thzm):o, i=12,....

=0
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Given the initial value h((0) in (18), obviously the series of constants {/;(0)};=1,2,... can be
solved uniquely and explicitly by recursion. Define the solution by r; =: e Vh ;(0), with the
initial value ro = 1 — pu1,/c. We have

. ced1=2)] I i)t
hiw) = o [l—z(w)]—éji(; G-0!

. =12,

where
19 (W+)][ i

——Z o e=1,2,....

Therefore, by (16) we have the Laplace transform of the nonruin probability
dw, 1) = eV (I—e*H1-2(w)]

(e pg) 5 Tt rel02)V /G - =)
cw — p[1 — Z(w)] cw — p[l —Z(w)] — &j

j=1
Remark 1. For ¢ = 0, we have
A _Z .
¢(w 0)=e B[1— z(w)]< ¢ — leZ Z Ze ()VZ[??Z(W)}] /(J _’E)!)
cw — p[l — zZ(w)] cw — p[1 —Z(w)] — §j

and, for t = oo,

. c— P

P(w, 00) = £

cw — p[1 = Z(w)]’
which recovers the result of the classical Poisson model.
Remark 2. Equation (10) offers a numerically tractable formula for calculating the {r;} j—o,1,...

coefficients; e.g. if Z ~ Exp(y) with parameter setting (c, 8, p, y) = (1.5, 2.0, 0.5, 1.0), then
we have rg = 0.6667, r| = —0.0657, r» = 0.0028, and r3 = —7.2560 x 107,

Alternatively, the Laplace transform of the nonruin probability can be expressed by the
following power series.

Theorem 3. Assume that ¢ > Py and L ~ Exp(d). Then the Laplace transform of the

nonruin probability is given by ¢(w, t) = Z?io 6—151(]5/- (w), where the {¢ j(w)} j=0,1,... follow

the recurrence

[1 = 2(W)1gj—1(W)) = [1 — 2(w)1$j—1 (w)
cw — p[l —Z(w)] — &j

c(I —pui /o)

w = p[l = Zw)]’

Proof. Rewrite (11) as

3¢>(w 1)
e

dj(w) =p . j=12...., (19

do(w) = (20)

+cwd(w, 1) — $(0, 1)) — p[1 — 2W)Ip(w, 1) + p[1 — Z(w)le ™ d(w, 1) = 0.

This equation has a power series solution ¢3(w, 1) = Z?io e*jétg,j (w), the Laplace transform
of the nonruin probability ¢ (x, 1) = Y72,e™/%¢;(x). Note that by setting ¢_; (w) =0
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we have .
dp(w, t i
% =5 je Mg,
j=0
e pw. )= e UG )= "ep; j(w) =) e (w).
j=0 j=1 Jj=0
Then - - -
—0 Y je G000 o e i) - Yo g0)
j=0 j=0 j=0
—pll = 2)1 Y e di(w) + pll — 2w)] Y e i1 (w)
j=0 j=0
= 0’
or

D e =8 (w) + cw;(w) — $;(0) — pl1 — 2(w)]d; (w) + pl1 — Z(w)1pj—1 (w)] = 0.

j=0
So,forany j =0,1,...,

—8j;(w) + c(wdj(w) — $;(0)) — p[1 — 2(w)1p;(w) + p[1 — 2(w)]p;—1(w) = 0.
Hence, we have

¢ (0) — p[1 — 2(w)1pj—1(w)

bi(w) = - , i =0,1,....
P = ol — Z(w)] — 3 /
For the initial case j = 0, note that (/A),l (w) = 0, we have
- co(0)
w) = ~ .
Do) = ol — 2(w)]
By the boundary condition
lim weo(w) = lim ¢o(x) = 1,
w—0 X—>00
we have
c¢o(0) __c¢o(0)

lim weo(w) = lim ~ = =1.
w—0 dow) w—>0c—p(l—=z(w))/w c—pui,
Then ¢o(0) =1 — pu1,/c, and (ﬁo(w) is as given by (20). Since qgj(w) exists at w = W]T|r for

any j = 1,2, ..., we have

lim (c9;(0) = pl1 - Zw)lpj—1(w)) =0,

w
J

and ¢;(0) = pc 1 — 2(W;’)]¢3j_1(W;’), j = 1,2,.... Hence, we have the recurrence
relation between q’A)j (w) and <13j_1 (w) as given in (19).

Remark 3. Theorem 2 will be used to derive a general asymptotic formula (given in Theorem 4
below), whereas Theorem 3 is more useful for obtaining an exact expression in the case of
exponentially distributed claim sizes (given in Theorem 5 below).
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4.2. Asymptotics of the ruin probability

Theorem 4. Assume that ¢ > pu1, and L ~ Exp(8). Then the asymptotics of the ruin
probability are given by

o0
Yx, 1) ~ ZKj(t)efR-/'x as x — 0o, (21
j=0
where
— —ot ¢ — p/'l'lz
Ko(t) 1= e cRove™™/p ,
pfy zefidZ(z) —c
ce?e AR [P2(—RHV "

Kj(t) :=e % ., =12,

o fo° zeRitdZ(z) — ¢ (j—0!

=0
_ Proof. Define ¢(x,1) := Z?io ¢j(x,1). Then dp(w,1) = Z?O:() ¢j(w, 1), where every
¢;(w, t) term is specified by (9), i.e.
c—ppui,
cw — p[l —zZ(w)]’
1o e VG — 0
cw — p[l = Z(w)] — &/

do(w, 1) == ove Y 1—2(w)] o

. j=1,2,.... (23

¢A>j(u), t) :=ce

Now we discuss the asymptotics of the terms ¢o(x, t) and {¢; (x, 1)} ;=1,2,..., Tespectively.
For ¢ (x, t), we have the asymptotics 1 — ¢ (x, 1) ~ ko()e " R0¥ as x — o0, since, by the
final value theorem,
ko(r) = lim e (1 — o(x, 1))

= lim wdly, {ef* (1 — ¢o(x, 1))}
w—0
= — lim w¢o(w — Ry, 1)
w—0

e?e " I—2w—Ro) (¢ _

5 PUL)
=—lm w —~
w—=0  c(w — Rg) — p[1 — Z(w — Ro)]

ekt o (e — ppuiy)
pfoS zefrdZ(z) —c

For ¢;(x,1), j = 1,2, ..., we have the asymptotics —¢;(x, 1) ~ k; (t)e_RJ'x

since, by the final value theorem,

as x — 00,

kj(0) = lim eR* (=g (x. 1))
= — lim we;(w — R, 1)
w—0

Ye o [1—=2(w—R))]g—jdt

i 5 j—t
92w — R}
- lim (w ce _ : Zre[ Z(w. )1 )
w>0\" c(w = Rj) — p[l = 2(w — R)] = 8j = (G =0!
ce?e M=2(=R1g—jst I [ﬁg(_Rj)]j—l

re :
ploeidz@) —c T G- 0!
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Therefore, ¥ (x,t) = 1 — ¢p(x, 1) = 1 — ¢po(x,t) + 2711 —¢j(x,1), and (21) follows
immediately.

Remark 4. Set L(r) = 1 — ©#8e~%/p and t = 0 in Theorem 1. Then fooo L(s)ds = 9/p
and we recover ko(t)e”R0*, the first-order asymptotics of the ruin probability obtained by
Theorem 4. The higher-order asymptotics depend on the distributional property of the general
distribution function L.

Remark 5. We can rewrite q@o(w, t) in (22) as

w1 — (1= po)(1 = 2(w))/pur,w

1 0 1 2 i
=e%&“*mﬂ—§:ma—pw<—iﬂﬂﬁ, po=1-2812,

w i—o M1 W Cc

The third term of q?o (w, t) above is the Laplace transform of a compound geometric distribution
Z?io po(l — po)’ d(()') (x), where dél) (x) is the i-fold convolution of a proper density function
do(x) =: Z(x)/1t1,, since 0 < pg < 1 and

o0 o 1—zZ(w) 1
/ do(x) dx = Loy {do(X)}|,_y = lim ——— = —pu;, = L.
0 w—>0 (i w M1y
For j =1, 2, ..., we can also rewrite cj;j (w, t) in (23) as

. B L Wi W) = z(w)\ !

o e =5 )] g jdt XJ:r [92(w)}
I 4
Dj w= Wj+ U=

=~ 0!
i a )I,( wiooawh - 2(w)>i
I (7S e T

| e =Ewle—ist I [92(w)i-t

X — re - 9
pji  w=WwS = (-0

where p; = §j/c W The first term of qS j(w, 1) above is the Laplace transform of a compound
geometric distribution Z?io pijl—p j)’dj(.’)(x), where d;’)(x) is the i-fold convolution of a
proper density function

W o0
dj(x) = ——— ve”/ e dz(),
’ I—Z(Wj) x
since
1—2(WH) i 8j
O<pj=1—£ +] = ]+= A]+ - <1
Wj CWj pll _Z(Wj )+
/ood ) dx = £old ) Wi W - zw) |
i(x)dx = i(x a = — =1.
o’ PRI e=0 T s wh w=w s
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Note that, for a constant v, we have £, {e"* fxoo e " dZ(2)} = (zZ(v) — Z(w))/(w — v), which
is a special case of the double Dickson—Hipp operator introduced in Dickson and Hipp (2001).
5. Ruin with exponentially delayed claims and exponentially distributed sizes

The asymptotic formula in (21) becomes exact if the claim sizes follow an exponential
distribution.

Theorem 5. Assume that ¢ > pui1,, L ~ Exp(8), and that Z follows an exponential
distribution. Then the ruin probability is given by

o0
Y, =) Kkje R (24)
j=0
Proof. By Theorem 3, if Z ~ Exp(y) then, for j = 0, we have

c—ply _(1_0) y+w

P = /v rw ' o)t Row

(25)

For j =1,2,..., we have

Wigia(WH/ (v + W) —wédj—1(w)/(y +w)
cw — pw/(y +w) —3j
(Wi 1(WH) —wdj1(w)/(w—WH + W, 1(WhH/(y + W)
c(w+ Rj) '

dj(w) =p

In particular, for j = 1, we observe that

(Wi o (W) — weo(w))/(w — W) + W, o (WD) /(v + WD)
c(w+ Ry)
_ A =plen)ty - Ro)/(W;" + Ro) + Wit o(W,))(w + Ro)/(y + W,
c(w + Ro)(w + Ry) '

dr(w) = p

which is the Laplace transform of a linear combination of e~%0* and e~ ®1*. In general, for
j=1,2,..., assume that

$~(w)=ﬂ# i=1,2,...
! cTT_yw + R)

where {Pj(w)}j=1,2,... are functions of w. Then

WP (WH/TTZ (W) + Ri) — wPj_y (w)/TT]
w — Wj+

Wi P ]

"w+ Ry

j—1
Piw) == [T+ R»[
i=0

J
+ -1
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and we have

el W Pia(wi | |
Fitw) = Z[w — w7 (n{:(}(wj +R) E)(w o= wP’_l(w))

W Py (wh il
L H<w+Ri>], j=23.
v+ Wj Hi:O(Wj +Ri) i
+
P\ v—Ro LN yp—
Pl(w)=,0[(1——) + do(WH)(w + Ro) |.
cv)Wi+Ry  y+ Wi
Note that, for j =2,3,..., w = W is one of the roots of the numerator of the first term, so

the denominator w — W then cancels. The function P;(w) is a polynomial of degree 1, and,
obviously, by the method of induction, {P;(w)};=1,2,... are polynomial functions of w with

maximum degree j. Hence, for any j = 1, 2, ..., we have the partial fraction decomposition
Pi(w / 1
AW sy i
c[liw+R) = wtHh
where {bj;}i—o,1,.,.,;j are all constants. Since Lopfe Rix) = 1/(w+R;),i =0,1,...,j,we

have ¢;(x) = Z{:Obﬁe_R”‘, j=1,2,.... For j =0, we have Ry = y — p/c, and rewrite
(25) as

1 0 1

w  cyw+Ry

do(w) =

which is the Laplace transform of ¢o(x) = 1 — ,o(cy)_le_Rox. Then the ruin probability
¥ (x, t) is a linear combination of {e_R/'x}j:o,l,_“, since

Y. =1-¢@,1)
=1—go(x) = Y e ¥g;(x)

i=1
p - :

— C_efR()x _ Zefjél ijiefRix
Y j=1 i=0

o0
Z Bj(r)e Rix,
=0

where {B;(t)}j=o,1,... are all deterministic functions of time #. Then (5) should hold, because the
asymptotic representation given by Theorem 4 is also a linear combination of {e = %i*};_o .
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